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Abstract 

We prove that the k-truncated micro-support of the specialization of 
a complex of sheaves F along a submanifold is contained in the normal 
cone to the conormal bundle along the k-truncated microsupport of F. 
In the complex case, applying our estimates to F = R7iom£>(yV(, 0), 
where Ai is a coherent 2?-module, we obtain new estimates for the 
truncated microsupport of real analytic and hyperfunction solutions. 
When Ai is regular along Y we also obtain estimates for the truncated 
microsupport of the holomorphic solutions of the induced system along 
Y as well as for the nearby-cycle sheaf of Ai when Y is a hypersurface. 

1 Introduction and statement of the main results 

Let X be a real manifold and let F denote an object of the derived cate- 
gory of abelian sheaves on X. The microsupport of F, denoted by SS(F), was 
introduced by M. Kashiwara and P. Schapira (|13|: |14jb as a subset of the 
cotangent bundle it : T*X — > X describing the directions of non propaga- 
tion for F. The truncated microsupport of a given degree k (or /c-truncated 
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microsupport), SSk(F), defined by the same authors, is only concerned by 
degrees of cohomology up to the order k and allows us to consider some 
phenomenon of propagation in specific degrees. Such notion is particularly 
useful in the framework of the theory of linear partial differential equations. 
More precisely, when F is the complex of holomorphic solutions of a coher- 
ent module A4 over the sheaf T>x of holomorphic differential operators on 
a complex manifold X, SSk(F) is completely determined as a subset of the 
characteristic variety Char(Al), which itself coincides with SS(F). In the 
characteristic case, interesting propagation results (cf. EB) ma y 

be obtained with the truncated microsupport. The truncated microsupport 
and its functorial properties were studied in 11. and |12j . 

It is now natural to study the behaviour of SSk(F) under specialization 
along a submanifold. That is the main purpose of this work, having in scope 
the application to P-modules, specially to holomorphic solutions of induced 
systems and to real analytic solutions. 

Let k be a field. Let £> 6 (kx) denote the bounded derived category of 
complexes of sheaves of k- vector spaces. 

Let M be a submanifold of X. We shall identify T T . fX (T*X), T*(T M X) 
and T*(T^X) thanks to the Hamiltonian isomorphism. Unless otherwise 
specified, we shall follow the notations in |13| . In particular, for F € -D fe (kx), 
vm{F) denotes the specialization of F along M, an object of D b (hx M x) and 
CT^x(SSk(F)) denotes the normal cone to T^X along SSk(F). For a 
morphism / : Y — > X we shall use a correspondence which associates 
conic subsets of T*Y to conic subsets of T*X as well as the operation + 
which associates to pairs of conic closed subsets of T*X conic closed subsets 
of T*X. 

The main result of this work is the following: 

Theorem 1.1. Let M be a closed submanifold of X and let F E D b (kx)- 
Then: 

SS k (v M (F)) c C T * M x(SS k (F)). 



2 



One difficulty in its proof is that the use of distinguished triangles is not 
always convenient because of the shift they introduce. We also needed to 
deduce a number of further functorial properties. Namely, as an essential 
step of the proof of this theorem, we obtain the following estimate: 

Theorem 1.2. Let Y and X be real manifolds, let f : Y —> X be a morphism 
and let F G D b (k x ). Then 

SS k (r l F) c f#(SS k (F)). 

Let us denote by f d and f n the canonical morphisms (f d was noted by 
*/' in [El): 

f n :Xx Y T*Y -> T*Y and f d :Xx Y T*Y -> T*X. 

Regarding / as the composition of a smooth map with a closed embed- 
ding, the proof of Theorem 11.21 relies in two steps. The first is to apply 
Proposition 4.4 of which proves the estimate when / is smooth. The 
second is Proposition 16.11 where we obtain the estimate 

SS k (F\ M ) c j d3 -\SS k (F)+T* M X), 

when j is a closed embedding. 

Remark that, in that case, j#(SS k (F)) = jdj~ 1 (SS k (F)+Tl I X). 
In particular, when / is non characteristic with respect to F, we get 

SS^F) C f d f-\SS k (F)). 

Namely, when M is non characteristic with respect to F, in other words, 

SS(F) n UjX c T* M M, 

we have SS k {F)+T* M X = SS k {F) + T* M X and 

j d j- 1 {SS k {F)+T* M X)=j d j-\SS k {F)). 
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Let now Y be a complex closed smooth hypersurface of a complex ana- 
lytic manifold X and assume that Y is defined as the zero locus of a holo- 
morphic function /. Let ipy denote the functor of nearby cycles associated 
to Y. Recall that Y may be regarded as a submanifold Y' of TyX by a 
canonical section s given by s such that tpy(F) — s~ l vy(F). 

Then, Theorem 1 1 . 1 1 ent ails : 

Corollary 1.3. Let F e D b (k x ). Then 

SS k (ijY(F)) c Sd s^(C T *x(SS k (F))+T Y ,(T Y X)). 

Let us point out that one interesting application of Proposition 16, 1 1 is the 
new estimate for the /c-truncated microsupport of the tensor product (see 
Proposition 16.7(1 . 

We end this paper with the application of our results to the complex 
F = RTLomx> x (M , Ox ) of holomorphic solutions of a coherent 2?x- m odule 
M. on a complex manifold X(see Section 6.2). Let T>x be the sheaf of linear 
partial differential operators of finite order and Ox the sheaf of holomorphic 
functions. Let Y be a complex submanifold of X and j be the embedding of 
Y in X. We shall denote by Aiy the induced system, an object of the derived 
category of left Py-modules. Recall that, when A4 is regular in the sense 
of [TJI|, -My Las coherent cohomology. Let r: TyX — > Y be the projection. 
Still under the assumption that M. is regular along Y, one defines a coherent 
2>TyX-module uy(Ai), the specialisation of M. along Y, satisfying a natural 
isomorphism 

v Y {RHom Vx {M,O x )) ^ RHom VTYX (y Y (M),0 TY x). 

Moreover, if Y has codimension 1, one defines the nearby-cycle module 
ipy(A4), a coherent Dy-module, satisfying a natural isomorphism 

tPy(F) ~ RHom VY (^y(M),Oy). 

We refer :8_ for the details on these isomorphisms. 
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Set V = SS{F) = Char(M) and denote by V = |J Q V a the (local) de- 
composition of V in its irreducible components. The notion of orthogonality 
between a submanifold Y of X and an involutive subvariety V of T*X will be 
recalled at Section 16.21 We recall in Lemma 16.81 that if Y, V are orthogonal 
and V is irreducible, then V = jd(j 7 7 1 (^)) is irreducible and 7r(V) has the 
same codimension of ir'(V). Here, ir' : T*Y — > Y denotes the projection. 

As a consequence of Theorem 11.11 together with the results of jS] we 
obtain: 

Theorem 1.4. Let M. be a coherent T>x -module. Then: 

SS k (RHom T -, Vx {T- l M,v Y {Ox))) C C T * x (SS k (F)). 

If, moreover, M. is regular along Y in the sense of ]lUij we have: 

SS k (RHom VTYX (v Y (M),0 TY x)) C C T * x (SS k (F)). 

Prom the preceding theorem, the results of 8 and Corollary 11.31 we 
obtain: 

Corollary 1.5. Assume that M. is regular along Y in the sense of [10]- 
Then 

SS k (RHomv Y (^y(M),0 Y )) C s d s-\C T ^ x {SS k (F))+T YI (T Y X)). 

Furthermore, Proposition 16. II together with the results of [5] and Theo- 
rem 6.7 of jllj entails: 

Theorem 1.6. Assume that M. is regular along Y in the sense of \l(Jjl - 
Then: 

SS k (RHom VY (M Y ,0 Y )) C j d ^ l {SS k {F)+T Y X). 

If, moreover, Y is non characteristic for hA and Y is orthogonal to each V a 
such that codim ir(V a ) < k, the preceding inclusion becomes an equality, for 
every i < k: 

SS l (RHom VY (M Y ,0 Y )) = j d j- 1 (SS l (F)). 
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Recall that M. Kashiwara has proven in [5] that, when Y is non charac- 
teristic for M, 

SS(RHom VY (M Y , O y )) = 3d j-\SS(F)). 

The condition of orthogonality is required in Theorem 11.61 in order to have 
the analogous equality up to a given degree k. 

Let us now assume that the complex manifold X is the complexified of a 
real analytic manifold M. Denote by Am the sheaf of real analytic functions 
on M and by j the embedding of M in X. 

Another important application of Theorem 11.21 is: 

Proposition 1.7. Let Ai be a coherent T>x-module. Then we have the 
estimate: 

SS k (RHom Vx (M,A M )) C j d j~\SS k {F)+T* M X). 

Let Bm denote the sheaf of Sato's hyperfuntions on M. As an immediate 
consequence of Proposition II . 71 together with Theorem 6.7 of we get: 

Corollary 1.8. Let M be an coherent T>x- m °dule. Assume that 

SS k (F)nT^X CT X X. 

Then, 

T^ k (RHom Vx (M,A M )) ^ T^ k (RHom Vx {M,B M )). 
In particular 

SS k {RHom Vx (M,A M )) = SS k (RHom Vx {M,B M )) C j d j^(SS k (F)) 
Chj-'d (J V a )U( |J T Ya X)). 

codimY a <k codimY a =k 

We shall illustrate this corollary with an example (see Example I6.1U|) 
of a propagation phenomenon for real analytic solutions of a class of non 
elliptic differential operators, which, as far as we know, is new. 
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When M. is elliptic, in other words, 



SS(M) nT^X C T* X X 

, we get the estimate: 

For any k, SS k {RHom Vx {M,A M )) = SS k (RHom Vx {M,B M )) 

Cj d J-H( U V a )U( u n a x)). 

codimY a <k codimY a =k 

We thank M. Kashiwara and P. Schapira for the useful discussions through 
the preparation of this work. 

2 Notations 

We will mainly follow the notations in jT2|. 

Let X be a real manifold. We denote by r : TX — > X the tangent bundle 
to X and by tt : T*X — > X the cotangent bundle. We identify X with the 
zero section of T*X. Given a smooth submanifold Y of X, TyX denotes the 
normal bundle to Y and TyX the conormal bundle. Given a submanifold Y 
of X and a subset S of X we denote by Cy(S) the normal cone to S along 
Y, a closed conic subset of TyX. 

Let / : X — > Y be a morphism of manifolds. We denote by 

f w : X x Y T*Y -» T*y and f d :Xx Y T*Y -» T*X 

the associated morphisms. 

Given a subset j4 of T*X, we denote by j4 q the image of j4 by the 
antipodal map 

a : i-> (x; -^). 

The closure of ^4 is denoted by A For a cone 7 C TX, the polar cone 7 to 
7 is the convex cone in T*X defined by 

7 = € TX;x € ^(7) and (u, £) > for any (x;v) E 7}. 
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Given conic subsets A and B of T*X, the operations A + B and A+B 
are defined in ^3] and will be recalled in section |21 

Given an open subset £1 of X, as in ^3], we denote by N*(£i) the conor- 
mal cone to J7. 

When X is an open subset of a real finite-dimensional vector space E 
and 7 is a closed convex cone (with vertex at 0) in E, we denote by X-y the 
open set X endowed with the induced 7-topology of E. 

Let k be a field. We denote by D(kx) the derived category of complexes 
of sheaves of k- vector spaces on X and by D b (kx) the full subcategory of 
D(kx) consisting of complexes with bounded cohomologies. 

For k G Z, we denote by D- k (k x ) (resp. D- k (k x )) the full additive 
subcategory of D b (hx) consisting of objects F satisfying H^(F) = for any 
j < k (resp. H J '(F) = for any j > k). The category D- k+l (]ix) is denoted 
by D> k (k x ). 

Given an object F of D b (kx) and a submanifold M of X, vm(F) denotes 
the specialization of F along M, an object of D b (k.T M x)- 

Let F be an object of D b (kx)', we denote by SS(F) its microsupport, a 
closed R + -conic involutive subset of T*X. For p G T*X, D b (kx;p) denotes 
the localization of D b (kx) by the full triangulated subcategory consisting 
of objects F such that p ^ SS(F). 

Let X be a finite-dimensional complex manifold. We denote by Ox 
the sheaf of holomorphic functions, by T>x the sheaf of linear holomorphic 
differential operators of finite order and by T> x (-) the filtration by the order. 
Given a coherent 2?x- m odule A4, we denote by Char(A / () its characteristic 
variety. 

Let Y be a closed submanifold, let r be the projection of TyX on Y and 
let Vy denote the V-filtration on T>x with respect to Y. Let T>\ Ty x] denote 
the sheaf of differential operators on TyX with polynomial coefficients with 
respect to the fibers of r. Let 9 denote the Euler operator on TyX. Recall 
that A4 is regular along Y if for any local section u of A4 there exists a non 
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trivial polynomial b of degree m such that 

b{0)u G (V$(V X ) n V x {m))u. 

Following Kashiwara in jS], given an appropriate good Vy—filtration on A4, 
the specialized of M. along Y, vy{M), is the coherent 2>iyx-module gen- 
erated by the associated graded module. When Y is a hypersurface, one 
defines a coherent Xfy-module, the nearby-cycles module iftyi-M), as the 
degree zero homogeneous term of that graded module. 

3 Review on normal cones in cotangent bundles 

For the reader's convenience we shall recall here some operations on 
conic subsets in cotagent bundles defined on [T3] . 

Let X be a real manifold, (x) a system of local coordinates on X and 
denote by (x; £) the associated coordinates on T*X. Given two conic subsets 
A and B of T*X, one defines the sum 

A + B = {(x; G T*X; £ = ft + £2 for some (x; ft) G 4 and (x; ft) G £}. 

When A and B are closed, A+B is the closed conic set containing A + B, 
described as follows: (xo;ft) belongs to A+B if and only if there exists 
sequences {(x n ;ft)} n in A and {(y n ',iln)}n in B such that: 

%m Un ^ 
n 

< £ra +7?n — > Co, 

n 

- 2/nHftl — > 0. 
V n 

Let M be a submanifold of X. Let (x',x") be a system of local coordi- 
nates on X such that M = {(x' ,x");x' = 0} and let (x', x"; ft, ft') denote 
the associated coordinates on T*X. Given a subset A of T*X we describe 
the normal cone to A along Tj^X, Ct* x{X), as follows: (x' ,Xq; £q>£o) e 
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Ct^x(A) if and only if there exist sequences of real positive numbers {c n } n 
and {«,<;£n,£n)}n in A sucn that: 

i x n> x n'i £ra> Cn) * (0> ^O) £o> 0)> 
< n 

c n{ x ni^n) * ( x O'^o)- 
V n 

Thanks to the Hamiltonian isomorphism, one gets an embedding of T*M 
into T T * iX T*X, and, for a conic subset A of T*X, the set T*M n C T ^x(A) 
is described as follows: (x' ,x'q; £ , £q) G r*MnCj«x(A) if and only if there 
exists a sequence {(x^, x"; £' n , £")} n in A such that: 

< K|-o 

V n 

Let / : Y" — > X be a morphism of manifolds. The notion of a 
correspondence introduced in associating conic subsets of T*Y to conic 
subsets of T*X, is rather complicated and we refer the reader to JH] for the 
details. We just recall the following results: 

Proposition 3.1. (cf. Proposition 6.2.4 °f Let A be a conic subset of 
T*X. 

(i) Assume that f : M — > X is a closed embedding. Then, 

/#(A)=fMnC T . z (A). 

(ii) Let (x) (resp. (y)) be a system of local coordinates on X (resp. Y) 
and let (ar,£) (resp.{y;rf)) be the associated coordinates onT*X (resp. T*Y). 
Then 

{yo'i %) € /^(A) if and only if there exist a sequence {(xn]£,n)}n in A, a 
sequence {y n }n in Y such that 

Vn -> V0, x n —> f{Vo), Cf'iVn) ■ £n) ~> V0, \ x n ~ f (y n )\\£,n\ ~> 0. 
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We shall also need the following description of when j is an embed- 
ding: 

Lemma 3.2. Let M be a closed submanifold of X and let j denote the 
embedding of M in X. Let A. be a closed conic subset of'T*X. Then: 

j d j-\k+T* M X) = T*M n C t * mX (X), 

where we identify Tj>^xT*X and T*TmX by the Hamiltonian isomorphism. 

Proof. It is enough to prove that 

3d3 -\k+T* M X)= 3 #{k). 

Let p £ jdj^ 1 (^- J i-T^X) and let (a/, x") be a system of local coordinates on 
X in a neighborhood of p such that M = {(x);x' = 0}. Let (x;£) denote 
the associated coordinates on T*X. Suppose p = (xq;£q). 

Then there exists £ such that (0, x'q] £ , £q) € A+T^X. By definition 
of +, there exist sequences {(x' n , a%; £' n , ^)} n in A and {(0, r)' n , 0)} n in 
T* M X such that 

Vn,<),M)-^M), 
P" P" 

Sn SO, 
< n 

£n + ^n — * £()' 

n 

IK,<)-(o,^)||(COI-o. 

^ n 

Hence 



< 





n 




ar' 




o, 




n 




Sn 


n 


SO! 



[KIICn|-0 

and K;Q6i#(A). 
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Conversely, let p G j*(A), p = (xqJ^q). Then there exists a sequence 
{(x'n,x'ni C tn)}n in A such that 



\ x n\ \£r, 



0. 



The sequences {«, x"; in A and {(0, 0)} in T^JT satisfy 

the necessary conditions so that (0, Xq;0, £q) G A+T^X, hence (xq;£o) £ 
^(A+T^X). q.e.d. 

Lemma 3.3. Let A be a closed conic subset of T*X and M a closed sub- 
manifold of X. One has: 

(A+T* M X)+T* M X = A+T* M X. 

Proof. Let (x', x") be a system of local coordinates on X such that M = 
{(x' , x"); x' = 0} and let (x', x"; £") be the associated coordinates on 
T*X. 

Let (xo, ; £o) G (A+T^ [ X)+T^ [ X , then there exists sequences {(x n ; £ n )}n 
and {(y ra ;??n)}n hi A+Tj^X and T^X, respectively, such that 

x ni Un * x 0i 
n 

n 

\Xn ~ Vn\\in\ ~> 0. 

n 

For each n G N, since (x n ; £ n ) G A+T^X , there exist sequences {(x^; 
in A and {(y™ ; C)} m in T^AT such that 



fy,Tl „ XL , . , . 

m 



m 

i n _ n lit" I _ 



0. 
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Hence we can find subsequences {(x k ; £ k )}k and {(y k ;Vk))}k of {(x™ ; C)Wn 
and {fe; C + Vn)}m,n, respectively, such that 

< 6 + % -> Co, 
\x k - Vk\\S,k\ -> 0, 

V k 

which gives (x ;£o) G A+TJ^X. 

Conversely, since ^(A+T^X) C M, (A+T^X) C (A+T^X) + T^X C 
(A+T£X)+T£X. q.e.d. 

Let us now assume that X is an open subset of M n with the coordinates 
(x) = (xi,...,x n ) and that M is the submanifold {(x',x") £ X;(x') = 
(xi, Xd) = 0}. Let 5 > and let 7 be the closed convex proper cone given 
by: 

7 = {{x',x");x n < --|(x',x d+ i, ...x n _i)|}. 

Hence 

Therefore (x + 7) n M = x + (7 n M), for each x € M. Let R+ denote 
the set of real positive numbers and let us introduce the following notation: 
for any A € M+ 

7A = {(x , ,x') € X;(A-V,x") £7} 
V x = {(x',x");(\- 1 x',x")eV}. 
Remark that if A < 1, Int(7^ a ) D 7°°. 

Lemma 3.4. Xei A be a conic closed subset ofT*X. 

Let x" G M n 7r(A) and assume that there is a compact neighborhood V 
of x" such that 

(V x 7 oa ) n {A+T* M X) C T£X 
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Then, there exists a real positive number C such that for any A and e satis- 
fying < A, e < C, 

(y Ae x 7 r)nAcT}x 

Proof. We shall argue by contradiction. Therefore, we can find sequences 
(Aj)zeN, (ei)i e n of positive numbers converging to 0, (x[, x'{; £")teN in A, 
7^ (0)0)) such that |xj| < C'eiXi, for some positive constant C only 
depending on V, and (0, x"; A^', £") eV x j oa . 

Since the n-component (£z)/eN is positive, after dividing (£;,£;") by £/,«) 
we may assume that £j jTl = 1 and that (A;^', is a bounded sequence. Since 
ICilk/l < C'eiXi]^] we get that (IC/lk/Di converges to 0. Moreover, since x'{ 
is bounded, we may assume that x" converges to some x" G V fl M and that 
(A/^',£") converges to some (£q,£o) e 7°°) w ^h £o« = 1- Considering the 
sequences (xj, x"; £/")/eN € A and (0, x"; -£[ + A/^', 0) G T^X we get that 
(0,x";£ ,£ ') e (^ x 7 oa )n(A+T^X), which entails £ n = 0, a contradiction. 

q.e.d. 

Let £1 be an open subset of X. We shall now recall the notion of conormal 
cone to f2, N*(Q). It is the subset of T*X defined as follows: 

Given x G X, we denote by N X (Q) the subset of T X X consisting of vectors 
v ^ such that, in a local chart in a neighborhood of x, there exist an open 
cone 7 containing v and a neighborhood U of x such that 

if n ((0 n [/) + 7 ) c a 

Note that, in particular, N X (Q) = T X X if and only if x G" f2 or x G f2. We 
denote by N(Q) the open convex cone of TX: 

and call it the strict normal cone to Q. 

Finally N*(£l), the conormal cone to O, is given by 

N*(n) = |J (iv*(^)), 
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where, for each ie!l, iV*(0) = {N x (n))° . 



4 Review on the truncated microsupport 

We shall now recall equivalent definitions of the truncated microsupport, 
following [H] . 

Given (a? ,£o) G M n x (W 1 )* and e G M we set: 

H e (x , &) = {x G K n ; (x - x ,£ ) > -e}, 

and if there is no risk of confusion we will write H £ instead of H £ (xo,£o). 

Proposition 4.1. Let X be a real analytic manifold and let p £ T*X. Let 
F € D b (kx), k £ Z and a£NU{oo,w}. Then the following conditions are 
equivalent: 

(i) k There exist F' G D >k (kx) and an isomorphism F ~ F' in D 6 (kx;p); 

(ii) fe There exist F' € -D >fe (kx) anc? a morphism F' — > i* 1 in L> fe (kx) 
which is an isomorphism in D b (kx',p); 

(iii) k,a There exists an open conic neighborhood U of p such that for any 
x G tt(U) and any M-valued C a -function ip defined on a neighborhood of x 
such that (f(x) = 0, dtp(x) G U, one has 

h {<p>o}( f )x = °> f or an y j - k - 

When X is an open subset ofW 1 and p = (xo,£o)> the above conditions 
are also equivalent to: 

(iv) k There exist a proper closed convex cone 7 C M. n , e > and an open 
neighborhood W of xq with £0 € Int(j°) such that (W + 7°) n H £ C X and 

H J (X; k (a . +7 a )n/fe ®F)=0, for any j <k,x £ W. 

Remark 4.2. Note that when X is an open subset of M. n and p = (xo>£o)> 
the equivalent conditions of Proposition 14.11 are also equivalent to: 

There exists some F' G D b (kx) isomorphic to F in a neighborhood of 
xq and a closed proper convex cone 7 in E, with G 7 and £0 € Lnt^° a , 
such that R<j)^(F') E £> >fc (kxJ. 
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Definition 4.3. Let F G D b (k x ). We define the closed conic subset SSk(F) 
of T*X by: p £ SS k (F) if and only if F satisfies the equivalent conditions 
in the preceding Proposition. 

We shall need the following properties of the truncaded microsupport 
also proved in [TT] : 

(i) Given a distinguished triangle F' — > F — > L 1 " >, one has 

SS fe (F) c SS k (F') U SS fc (F"), (1) 

(SS k (F')\SS k ^(F")) U (SS k {F")\SS k+1 (F')) C S5 fc (F). (2) 

(ii) For any L 1 G -D fe (kx), one has 

n T* X X = 7r(SS k (F)) = supp{r^ k (F)). (3) 

Proposition 4.4. Lei X and Y be two manifolds. Then for F G D b (kx), 
G G D b {ky) and k G Z, one /ios: 

55 fc (F H (?) = |J SSi(F) x SSj(G). 

i+j=k 

Proposition 4.5. Lei F and X 5e too manifolds, let f : Y — > X 6e a 

morphism and let G G D b (ky) swc/i i/iai / is proper on the support of G. 
Then for any k G N ; 

SS k (Rf*(G)) C UfjHSS k (G)). (4) 
77ie equality holds in the case f is a closed embedding. 

Proposition 4.6. Let Y and X be two manifolds and let f : Y — > X be a 

smooth morphism. Let F G D b (kx)- Then 

SS k (f- 1 F) = f d f-\SS k (F)). (5) 
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To end this section, we shall prove the following characterizations of the 
truncated microsupport not included in [IT] , which will be useful in the 
sequel. 

Lemma 4.7. Let E be a real finite- dimensional vector space, X an open 
subset of E and let F G D b (kx)- Let U be an open subset of X and 7 be a 
closed convex proper cone in E with G 7. Assume that 

SS k (F) n (U x Int(j oa )) = 0. 

Then, given (xo,£o) S f7 x Int{^ oa ), e > and an open subset W C X 
such that {W + 7) n H £ CC U , one has: 

W(X; kr x+J \ nHe ® F) = 0, for any x G W + 7 and j < k. (6) 

Proof. We may assume that X is an open subset of M n . 

Let (xo;6)) £[/x Int(^ oa ) } e > and W C X be an open subset such 
that (W + 7) n H e CC U. Let us prove ©. 

By the microlocal cut-off lemma (Proposition 5.2.3 of ^H]), we have a 
distinguished triangle 

<j>- x Exf>^F -^F^G^, 

with SS(G) n(X x Int(7 oa )) = 0. Therefore, setting F' = (p^R^F, one 
has 

W(X;k (x+l)nHe ®F) ~ ffi(X;k (a:+7)rW£ ®*"), 

for any x G W + 7 and j G Z, and SS k (F') n (£7 x Int(7° a )) = 0. Hence we 
may replace F by F' to prove condition ©. 

Arguing by induction on k, we may assume that (jBJ) holds for — 1 and 
hence F G D- fe (kx)- Hence, given x G + 7, 

fc (X; k ( , +7)n ^ ® F) ~ r(X; k ( , +7)nHe ® fc (F)). 

Given s G r(X; k^+yjnffs ® H k (F)) we can extend s to a section 

seT(n;k He 0H k (F)) cT{n;H k (F)), 
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where fiis a 7-open neighborhood of x + 7 such that Q D H e CC U. 

Set S = supp(?) cOnff, Since H^> 0} (^) - r { ^> 0} (# fc (F)), for any 
real analytic function 99 defined on M. n , we get S = from the following 
Lemma, and hence H k (X; kt x +y)r\H e ® F) = 0. q.e.d. 

Lemma 4.8 ( £e£ 7 6e a proper closed convex cone in R n . Let 

Q be a j-open subset of M. n and let S be a closed subset of such that 
S CC W 1 . Assume the following condition: for any x G R n and any real 
analytic function <p defined on ~R n , the three conditions Sf){x; <p(x) < 0} = 0, 
<p(x) = and d(p{x) G Int{^° a ) imply x ^ S. Then S is an empty set. 

Corollary 4.9. Let E be a real finite dimensional vector space, X an open 
subset of E and let F G D b (k x ). Let U be an open subset of X and 7 be a 
closed convex proper cone in E with € 7. Assume that 

SS k (F) n (U x Int(j oa )) = 0. 

Then, for each (xo>£o) £ U x Int{^ oa ) there exists an open neighborhood V 
of xo in U such that 

R^(RT ni \ no (F))eD> k (k Xi ) 
for every j-open subsets £l\ and Oo with Oo C fii, ^i\^o CC V and xo G 

int(ni\n ). 

Proof. We may assume assume X = M. n . Let us consider an open neigh- 
borhood V of xo such that V is a compact subset of U . 

For each x G V there exists e(x) > and an open neighborhood V{x) 
of x such that + 7) H i^ e ( x ) CC J7. Since V is compact, we can find 

a finite covering of V by open subsets, let us say, {V(xi), V(xi)}, with 
I G N. Let us choose e = min{e(xi);i = 1, ...,/}. Then, (V ' + j)nH e CC f7, 
and by Lemma 14,71 

Hi(X; ]s.f x+J \ nHe (g> F) = 0, for each z G V and j < k. 
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Since 

Hi(X;k {x+l)nHe ® F) ~ W^R^Fh^ 

for all x G V and j < A;, one gets R4>^Fh £ G D >fc (kv^). 

Let V = V H -ff e and consider 7-open subsets and f^o such that 
f&o C Oi, x G Int(J2i\O ) and Cli\Q CC V. 

From (j)~ x R(j) lif FH e G Z) >fc (ky 7 ) one gets 

Since 

we obtain R^{RY nAno {F He )) G £ >fc (kx 7 ). 

Finally, we conclude that R(j) Jtl ,(RT ni \ no (F)) G -D >fe (kx 7 ), since RTq 1 \q (Fh e ) 
is isomorphic to Mq^q^F). 

q.e.d. 

5 Complements on functorial properties of the trun- 
cated microsupport 

In order to prove the main results we need further functorial properties 
of the truncated microsupport similar to those of the microsupport itself but 
requiring adapted proofs. 

Lemma 5.1. Let X be a finite dimensional real vector space, 7 be a closed 
convex proper cone of X with G 7, and Q a j a -open subset of X such that, 
for any compact K of X, On (if +7) is relatively compact. Let F G D b {kx) 
and assume Rcj) ljf F G D >k (kx 1 )- Then we have 

R^F n G D >k (k Xi ). 

Proof. The proof is contained in the proof of Lemma 5.4.3 (i) of ^3]. q.e.d. 
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Proposition 5.2. Let X be a manifold, F € D b (kx) and be an open 
subset of X. 

(i) Assume SS k {F) n N*(Q) a C T* X X. Then 

SS k (RT Q (F)) c N*(fl) + SS k (F). 

(ii) Assume SS k {F) n iV*(fi) C T£X. Then 

SS k (F n )cN*(n) a + SS k (F). 

Proof. The proof is an adaptation of the proof of Proposition 5.4.8 (i) and 
(ii) of ^3], using Corollary 14 . 91 and Remark 14 . 2 1 instead of Propositions 5.2.1 
and 5.1.1 of ^3], respectively. q.e.d. 

Proposition 5.3. Let f2 be an open subset of X and let j be the embedding 
n^X. Let F e D b (k n ). Then: 

(i) SS k {Rj*F) c SS k (F)+N*(tt). 

(ii) SS k (Rj,F) c SS k (F)+N*(nr. 

Proof. The proof is the stepwise adaptation of the proof of Proposition 6.3.1 
of ^3], using Propositions 15 . 2114. 1 1 and Corollary 14.91 instead of Propositions 
5.4.8, 5.1.1 and 5.2.1 of ^F3\, respectively. q.e.d. 

6 Proofs of the main results 

6.1 Proofs of Theorems ITTTl 11.21 and Corollaries 

Proof of Theorem Let us first consider the case of the embedding of 
a closed submanifold of X: 

Proposition 6.1. Let M be a closed submanifold of X and F £ D b {kx)- 
Then 

SS k (F\ M ) c j d j-\SS k (F)+T* M X), 
where j is the embedding of M in X. 
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Proof. Let d denote the codimension of M. Let (xi, ...,x n ) be a system of 
local coordinates on X such that M = {(xi, ...,x n );x\ = ... = x^ = 0} and 
let (x;£) denote the associated coordinates on T*X. Set x' = (x\, x^), 
X — (x^-|_l , . . ., x n ) . 

Let G T*M such that jJ-^SS^+T^X). We shall 

prove that (a#;$) £ SS k (F\ M ). 

By the assumption, (0, a#; #,') £ SS^+T^X for any £' G R d . In 
particular, (0, Xq';0, £q) ^ SS k (F)+Tl 1 X . We may assume that (0,x ') G 
vr(,S5 fc (F)) n M and by ©, that $ / 0. 

Setting xo = (0, Xq), £o = (0,£o) anc ^ P = ( x (b£o)> there exists a closed 
convex proper cone 7 such that Int(7) 7^ and 



(7) 



Co G Int( 7 ° a ), 

({x } x 7 °«) n (SS k (F)+TfrX) C T*X. 
Therefore we may find a neighborhood 1/ of xo such that 

(V x 7 oa ) n (SS k (F)+T^X) c r^x. (8) 

In particular, ({x } x 7° a ) n SS k (F) C {(x ;0)}. Therefore, 

({x o }xInt( 7 oa ))n55 fc (F) = 0, 

and we may choose V such that 

(V xInt(7 oa ))n5S fc (F) = 0. (9) 

and 

(y x 7 oa ) n T* M X C TjX. (10) 

After changing the local coordinates on X if necessary, we may also 
assume: 

'&> = (o,...,o,i), 

7 oa = {(£',£");& > -£n-i)|}, 
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for some 8 > 0. Hence, 

7 = {(x',x");x n < --\(x',x d+1 , ...a? n _i)[}, 

and, for any x G M, (x + 7) n M = x + (7 D M). For s > let us 
denote by H £ the open half-space H £ = {x G X;Re(x — xo,£o) > — e}- 
Let us choose e > and an open neighborhood W C V of xo such that 
(W + 7) n H £ CCV. Set V = 7 n M, V' = V n M, W' = W n M and 
JETg = {x" G M; (x" — x'q, £q) > — e}. Since 7' is a closed convex proper cone 
in M such that £q G Int(7 /oa ) and W is an open neighborhood of x' Q in M, 
by Proposition 14.11 its enough to prove that there exists e' > such that 
(W + 7') n W^, C M and W{M ; ^( x +Y)nH', ® ^U/) = 0, for all j < jfe and 
x G W. 

This will be a consequence of Lemma 111 41 with A = SSk(F). We shall 
use the notation 7^, V\ introduced in Section 3. Let C be given by Lemma 
13.41 and let us choose sequences (ei)i e ^ of real positive numbers, sat- 

isfying < €1, X[ < C, such that (Xi)i<=n converges to and (e^); g N converges 
to C. 

Remark that 7^ D 7°° and that 

v Xl€l nM = vnM = V, 
w Xm n M = w n M = W, 

W Xin + 7 A^ n H £ c V Xiei , 

(w Xiei + 1Xl )nH ei£ cV Xl e r 

Let x" G M n W be given, choose a sequence x" in converging to x" such 
that x" G Int(x" + 7') and note H' = H D M. Then, for any j > fe, we have 

H j (M;-k {x , l+7 , )nH , Ce ® F| M ) ^ lim^'(X;k (a . { / + )nJ y eie <g> F) = 0, 
thanks to Lemma H~7I Hence (xq';£o) ^ ^^(^Im)- q.e.d. 
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End of the proof of Theorem \1. 6 A Let us decompose / by the graph 
map 

Y ->Y x X -> X, f = ho g 

g h 

where g(y) = (y, f{y)) and h is the second projection on Y x X. 

Identifying Y with the graph of /, we may assume that Y is a closed 
subvariety of Y x X, and we get by Proposition 16. II and Proposition 14.61 

SS k (r 1 F) = SS k (g- 1 (h- 1 F))c 

C g d g-\h d h-\SS k (F))+T${Y x X)). 

We shall prove that 

g d g- l {h d h-\SS k {F))+T^{Y x X)) = f#(SS k (F)). 

Let (y) be a system of local coordinates on Y, (x) a system of local 
coordinates on on X and let (y;£), (x;rj) be the associated coordinates on 
T*Y and T*X, respectively. 

Let (y ;£o) e 5d ( 7 - 1 (/i (i /i- 1 (^(F))+r*(y x X)), then there exists 
such that (y J(yo)^,v) G M^VSfc(F))+T£(YxX) and^o = £+*/'(lto)- 
77. Hence we may find sequences {(y n , x n ; £ n , r] n )} n in h d h~ 1 (SS k (F)) and 
{(l4,/(l£);Cf£)}n in T y( y x such that 

{yn,Xn),(y'n,f(y'n)) (Z/0, /(j/o)), 
n 

< (£n,»h) + (&,f/n) -> (M, 
n 

V n 

One has (x n ;r] n ) € SS k {F), (, n = and ^ + */'(2/n) ' = °! hence we 
obtain t f'(y' n ) ■ (r? n + r/^) -» */'(yo) • V = Co ~ £ and then t f'{y' n ) ■ rj n -» Co- 

n n 

Therefore we have sequences {(x n ; r/ n )} n € SS k (F) and {y^} n in Y such 
that 

Vn -> 2/0, -> /(2/o), 

ra n 

< Wj ' "> ^0 

n 

- f(y'n)\\Vn\ ~> 0. 
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This gives (yo! £o) € f#(SS k (F)) and also the converse thanks to Propo- 
sition |33 q.e.d. 

Corollary 6.2. Let M be a closed submanifold of X and F £ D b (kx)- 
Then 

SS k (F M ) c SS k (F)+TfoX. 

Proof. Let j : M X denote the embedding of M on I. Then Fm — 
3*{F\m) and by Proposition 14.51 and Proposition 16. II 

SS k (F M )=j 7T j- 1 (SS k (F\ M ))c 

C j^jdj^HSSkiF^TtjX) c SS k (F)+T* M X. 

q.e.d. 

Proposition 6.3. Let M be a closed submanifold of X, U = X \ M, j the 

embedding U ^ X , i the embedding of M in X and let F € D b (ku). Then: 
(i) SSkiRj^mr-^M) C SS k {F)+T^X, 
(n) SS k (Rj x F)n*-\M) C SS k (F)+T* M X, 
(lii) SS k ((Rj*F)\ M ) c w-^SSkW+TfcX). 

Proof. The proof of the two first conditions is analogous to the proof of the 
two first conditions of Proposition 6.3.2 of ^Sj, replacing Proposition 5.4.4 
and Theorem 6.3.1 of |13j . by Propositions 14.51 and 15.31 respectively. 
Let us now prove the third inequality By Proposition 16. II and (i), 

SS k ((Rj*F)\ M ) c LdL-^SSkiRj^+TttX) c 
C L d i~\(SS k (F)+T* M X)+T* M X). 

By Lemma 13.31 

(SS k (F)+T* M X)+T* M X = SS k (F)+T* M X. 

Hence 

SS k ((Rj*F)\ M ) c L d L-\SS k {F)+T* M X). 

q.e.d. 



24 



Note that, with Lemma 13,21 and Proposition 16.31 in hand, we obtain the 
analogue of Proposition 6.3.2 of |13j . 

Corollary 6.4. Let M be a closed submanifold of X and F G D b (k x ). 
Then 

SS k (RT M (F)) c SS k (F)+T* M X. 

Proof. This is a consequence of Proposition 16.31 together with the distin- 
guished triangle 

RT M (F) ^F^ RT X \ M (F) ±i» . 

q.e.d. 

Corollary 6.5. Let M be a closed submanifold of X and F G D b (k. x ). 
Assume that 

SS k (F)nT^X <zT x X. 
Then we have a natural isomorphism 

r^ k {F M ®u M \ x ) ~ r^ k (RT M (F)). 

In particular 

SS k (F M ®u; Mlx ) = SS k (Rr M {F)). 

Proof. Let -k be the restriction of ir to the cotangent bundle deprived of the 
zero section. We have a distinguished triangle 

r- fc (%®%|i) - r^ k (RT M (F)) -> T^ k (7T( m (F)\ f , x )) -+ . 

M +1 

Since by Theorem 5.1 of P] supp(T^ k (fi M (F))) C SS k (F)nT^X, the third 
term vanishes hence the result. q.e.d. 

Corollary 6.6. Let M be a closed submanifold of X and F £ D b {k. x ). Let 
j denote the embedding of M in X.Then 

SS k (j l F) c j d j-HSS k (F)+T* M X). 
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Proof. This is a consequence of Corollary 6.4 and Proposition 16, II together 
with Lemma 13.31 q.e.d. 



Proof of Theorem \1.1\ The proof is the adaptation step by step of the 
proof of Theorem 6.4.1 of ^3], applying Proposition 14.61 and Proposition 
16.31 instead of Proposition 5.4.5 and Proposition 6.3.2, respectively of |13j . 
q.e.d. 

Let now Y be a complex closed smooth hypersurface of X defined as 
the zero locus of a holomorphic function /. Let ipy denote the functor of 
nearby cycles associated to Y. Then Y may be regarded as a submanifold of 
TyX by a canonical section s such that ipy(F) — s vy(F). Once more we 
identify T T ^ X T*X, T*(T y X) and T*(T Y X) (cf. Proposition 5.5.1 of Q3]). 

Recall that, in a system of linear coordinates x = (x%, ...,x n ) on X such 
that Y is defined by x\ = 0, s: Y — > TyX is the section s(x2, x n ) = 
(x2, x n ; 1). With the local coordinates described above, and A being a 
conic closed subset of T*(T Y X), we have: 

s d s^ 1 (A) = {(X2,...,x n ;£ 2 ,...,€ n );3£ 1 ,(x2,...,x n ,l;£ 2 ,-,£n,ti) G .4}. 

Corollary 1.4 is an immediate consequence of Proposition 16.11 
The following estimate for the tensor product can be seen as a general- 
ization of Proposition 16.11 

Proposition 6.7. Let F and G belong to D b (kx)- Then: 
SS k (F® L G)c (SSi(F)+SSj(G)). 

i+j=k 

Proof. Let 5x '■ X — > X x X be the diagonal embedding. 

Since F <8> L G ~ 5 x l (F m L G), the result follows from Proposition EH 
and Proposition 14.41 q.e.d. 
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6.2 Application to P-modules 

Let X be a complex finite dimensional manifold. One of the important 
problems in the theory of P-modules is the relation between the caracteristic 
variety of a system A4 and that of its induced system A4y along a closed 
submanifold Y, which was completely solved in the non charateristic case 
by M. Kashiwara as well as in a more general situation treated in |15| . 
which includes the case where M. is regular along Y in the sense of jlU| . 
Similarly, in the case of a smooth complex hypersurface, it is interesting to 
relate Char(.M) and Char(?/V (M)), where ipy denotes the functor of nearby 
cycles. 

Let d be the codimension of Y, denote by j the embedding Y — > X and 
by 7r' the projection T*Y — > Y. Given an homogeneous involutive subvariety 

V of T*X of codimension > d, we shall say that Y is orthogonal to V if 
there exists a smooth involutive submanifold V* containing V such that 

Y and V* are orthogonal. More precisely, there exist a set of 
homogeneous functions of degree zero vanishing on tt~ 1 (Y), such that the 
differential dfi are linearly independent on 7r _1 (Y), and a set {gi, ...,g p },p > 
d, of homogeneous functions of degree one linearly independent on V* such 
that the matrix of the Poisson brackets has everywhere rank d. 

As before, F will denote the complex RHomj) x (M.,Ox)- Let SS(F) = 
LL ^« De decomposition of SS(F) in its irreducible involutive compo- 
nents in a neighborhood of p S T*X. Let us denote by Y a the variety 

7T(V a ). 

Recall that in Theorem 6.7 of it is proved that, for any k, SS/-(F) = 

( U v a )u( u T Ya x). 

codimY a <k codimY a =k 

Proof of Theorem \1.4\ The first assertion is an immediate consequence 
of Theorem 11.11 and the second follows from the regularity of Ai. q.e.d. 

Proof of Corollary \1.5\ It is a consequence of Corollary II .31 and the reg- 
ularity of M.. q.e.d. 
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Proof of Theorem I J. 61 Since M. is regular along Y, one has the isomor- 
phism 

RHom VY (M y ,O y )^ RHom Vx (M,O x )\y, 

and the first part is an immediate consequence of Proposition 16.11 Let us 
now prove the second assertion. It will be a consequence of the Lemma 
below: 

Lemma 6.8. Assume that the homogeneous involutive variety V is irre- 
ducible and that Y is orthogonal to V . 
Then : 

(i) V = jd{j^ l (y)) is an irreducible homogeneous involutive subvariety 
of T*Y . 

(ii) The codimension ofn'^V 1 ) is equal to the codimension ofir(V). 
(Hi) When V is the characteristic variety of a coherent T>x -module, the 

orthogonality ofY implies that Y is non characteristic for M.. 

Proof. Let V* be a smooth involutive manifold containing V such that Y is 
orthogonal to V*. Since the assertions can be checked locally, by a standard 
reasoning we may consider a system (x; £) of local symplectic coordinates 
on T* X in a neighborhood of p £ V PI tt~ 1 (Y) = j~ (V), such that Y is the 
sumanifold {(x) = (x\, ...x n );x\ = ... = Xd = 0} and V* is defined in T*X 
by the equations £i = ... = £ d = g d+ i{x";£") = ••• = 9p(x";C) = 0, where 
we set (a/) = (x r ..,x d ) (resp. (£') = ■••&))) (x") = (x d +i, x n ) (resp. 
(£") = (£<2+l> •••> £n))- Therefore, the irreducible ideal of definition I(V) is 
generated by a set of functions 

{6, -, ga+i(x"; O, 0> Vu(*" ; C), V/ (*"; £")}, 

for some Z > 0. Hence I(V) is generated in Ot*y by the set of functions 

{g d +i (x" ; f ),..., 5 p (x" ; £") , Zi p+ i (x" ; £" ) , ... , h p+i (x" ; £" ) } , 
which entails (i), (ii) and (Hi). q.e.d. 
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Since Y is non characteristic, we have 

SS(F\ Y ) = Ch a r(M Y )=j d j- 1 (SS(F)). 

On the other side, since SSk(F) n T Y X C T X X, we get from the first 
assertion that SSk(F\ Y ) C jdj^ 1 (SSk(F)), for any k. Moreover, setting 
V' a = jdj^ (V a ), by the preceding Lemma, for any a such that codimY a < k, 
V' a is an irreducible component of SS(F\ Y ). Therefore by Theorem 6.7 of 
[TT] . for any i < k, 

SSi(F\ Y )Dj d j^(SSi(F)). 

q.e.d. 

Example 6.9. Let X = C n , with n > 3, endowed with the coordinates 
(xi, ...,x n ). Let Y be the hypersurface {x n = 0} and = {x G X;Re(xi — 
< 0}. Let J he a, coherent left ideal of 2?x and set At = T>x/J- 
Assume that there exist in J an operator P in the Weierstrass form with 
respect to the derivation D Xn and an operator Q such that the principal 
symbol of Q, cr(Q), is of the form 

<t(Q) = ...,x n _i;£i,---,£n-i), 

and g does not vanish on Tg n X. Th.en,Tt^X n <S\5i(At) C {0} and, set- 
ting D,' = Q n y, f2' has smooth boundary 5fi'. By Theorem 1.3, 7^,y n 
55i(A4y) C {0}. Therefore 

nom VY (M Y ,n\ Re{xi _ Xn _ i)m (0 Y ))\sn' = 0. 
Proof of Corollary 1.5. As proved in we have the isomorphism 

RHom VY {4> Y {M),0 Y ) ~ 4> Y {RHom Vx {M,O x )). 
It is then enough to use Proposition 16.11 q.e.d. 

Let M be a real analytic manifold of dimension n, X a complex analytic 
manifold complexifying M and Ai a coherent Z?x- m odule. 
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Let Am denote the sheaf of real analytic functions on M. Remark that 
Am = Ox\m- Let Bm denote the sheaf of Sato's hyperfunctions on M. 
Recall that 

B M ^ RT M (O x )®or M/x . 
Proof of Proposition \1.T\ One has 

RHomx> x (M,Am) - F\ M - 
Therefore, by Proposition 16.11 

SS k (RHom Vx {M,A M )) C j d j- l {SS k {F)+T* M X) 

q.e.d. 

Let us remark that a variant of the preceding result was obtained in f° r 
k = 1 using directly the properties of holomorphic functions. 

Proof of Corollary \1 .#1 The first part is an immediate consequence of 
Corollary 16.51 The second follows from Proposition II . 71 and Theorem 6.7 of 

Example 6.10. Let M = W 1 , with n > 2, endowed with the coordinates 
x = (xi, x n ). Let Q = {x € M;4>(x) < 0} for some real C 1 -function. 
Let X = C n and M be a coherent D^-module defined by M = Vx/VxP 
where P is a differential operator. Assume that the principal symbol cr(P) 
is of the form 

a{P) = a(x)q(x;g), 

where a(x) is an holomorphic function and q does not vanish on T*M, 
more precisely, q is the principal symbol of an elliptic operator. Recall that 
SSi(F) C {(s;f);a(x) = 0, ^ G Cda(x)} U g _1 (0).This entails that T* M X n 
SSi(F) C T X X hence 

SS^RHomvAM^M)) = SS 1 (RHom T)x (M,BM)) C j^HSS^F)). 
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Assume that d<j)(x) is not in Cda(x) for any x 6 5Q n a 1 (0). Hence 
Tg Q M n SSi(RHom Vx (M, Am)) C T^M. In other words 

Homx. x (Al,W^ (a , ) > 0} (^lM))|5n 

= ^xti» x (A^,r Wa .)>o}(BA ! f))|(5n = 0. 

Remark 6.11. In general we do not have an interesting estimate for 
SSk(R7iomx> x (M.,BM))- Let j denote the inclusion M ^ X. Then Bm — 
j-O x ®or M/x and RHom Vx (M,B M ) ^ y(RHom Vx (M,O x ))[n}. By 
Corollary 16.61 one gets 

SS k (RHom Vx (M,B M )) = SS k+n (f RHom Vx (M,O x )) C 
C SS k+n (RHomv x (M,O x ))+T M X. 
By Theorem 6.7 of jllj . 

55 fc+n (12Womi, x (Ai,Ox)) = SS(RHom Vx (M,O x )) = Char(A4). 
Hence we get 

SS k {RHom Vx {M : B M )) C Char(A4)+T^X for any k > 0, 

in other words, if M is hyperbolic for .M then 

SS k+n {RHom Vx (M,O x )) C T£X 

But this is well known and is an example that the notion of truncated 
microsupport does not work well under Fourier Transform. 

Let D^_ c (]i X ) denote the full subcategory of D b (k x ) consisting of ob- 
jects with C-constructible cohomology, that is, the objects F E D b (k x ) for 
which there exists a complex analytic stratification X = [J X a such that the 
sheaf H 3 (F)\x a is locally constant of finite rank, for every j £ Z and a. 

A perverse sheaf is an object F of -t>£_ c (kx) satisfying the following two 
conditions: 
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(a) for any complex submanifold Y of X of codimension d, H^(F)\y is 
zero for j < d; 

(b) for any j G Z, W{F) is supported by a complex analytic subset of 
codimension > j. 

P. Schapira proved in jTH] that, when F is a perverse object of D^_ c (kx), 

W(RT S (F)) X = 0, for j>2n, 

for any closed subanalytic subset S of X and any i£l being non isolated 
in S. 

Proposition 6.12. Let Ai be a coherent T>x -module Then 

SS n -x(KH,0mD x {M,B M )) = SS{RHom Vx {M,B M ))- 

Proof. Let ip be a real analytic function defined on X and xq G X such that 
(f(xo) = 0. Then the set {x € X; ip(x) > 0} is a closed subanalytic subset of 
X. Assume that Ai is holonomic. By the Riemann-Hilbert correspondence 
( 0)) F is perverse. 
Hence, 

W{RT w >v } RHom Vx {M,B M )) X{] ^ W +n {RT w ^ }nM {F)) XQ = 0, 
for every j > n. By Proposition 14.11 

SS n ^i{RHom Vx {M,B M )) = SS(RHom Vx (M,B M )), 

under the assumption that Ai is an holonomic Dx- m odule. 

To treat the general case, we argue as in the proof of Theorem 2 of 
Q2]. Let us denote by * the functor Af -» Af* = £xt% x (Af,V x )- Recall 
that Kashiwara proved in [B] that if Ai is coherent, then Ai* is holonomic, 
M*** ^ anc [ is a submodule of At. Defining the coherent T>x- 
module C by the exact sequence: 

M** ^Ai^C^O, 
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one gets C* = and so C locally admits a projective resolution of lenght 
n — 1. Therefore, 



H j (Rr w > 0} RHom Vx (M,B M ))x ^ H j {RT {v > Q] Rriom Vx {M*\B M ))x Q = 0. 

for j > n. 

This proves 

SS n - 1 (RHom Vx (M,B M )) = SS{RHom Vx (M,B M )), 
for every coherent Dx-module M- q.e.d. 
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